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Introduction

Setting, backgrounds and motivation
Our subject is solutions of the stochastic Itô-McKean-Vlasov, or, for short, McKeanVlasov's equation in R d dX t = b[t, X t , µ t ]dt + σ[t, X t , µ t ]dW t , X 0 = x 0 , (1) * Taras Shevchenko National University of Kiev; myus@univ.kiev.ua † University of Leeds, UK & National Research University "Higher School of Economics" and Institute for Information Transmission Problems, Moscow, Russia; a.veretennikov@ leeds.ac.uk ( (2.1) in the Assumption I from [7] ). More general growth conditions were studied in [4] ; however, our regularity conditions admit just measurable coefficients and, hence, overall, our results are not covered by [4] either. We establish weak existence analogues to Krylov's weak existence for Itô's equations which is more general than in earlier papers. A more general equation is tackled with a possibly non-square matrix σ, which may be useful in applications and which case was not covered in [4] . Further, we propose a different method which could be of interest in some other settings. In the homogeneous case and under less general conditions, using a different technique, weak existence and weak uniqueness was established in [11] and [12] . In [29] there is a result on strong existence for the equation similar to (1) only with a unit matrix diffusion; however, strong and weak uniqueness, along with "propagation of chaos", i.e., with convergence of particle approximations, is established there under restrictive additional assumptions on the drift which include Lipschitz and some other conditions. In the present paper, weak and strong uniqueness is established for bounded and measurable drifts under additional assumptions on the (variable) diffusion coefficient. To the best of the authors' knowledge, the only previous result about strong existence for the Mckean-Vlasov stochastic equation with a (bounded) Borel measurable drift for non-divergent form generators without any further regularity restriction has been established in [29] for the case of a unit matrix diffusion coefficient. Note that the hypotheses in [7] and [4] do require certain continuity assumptions for weak existence. In applications, where some additional regularization by white noise is needed it may be useful to have a result for references with dimensions d 1 ≥ d rather than just for d 1 = d. Not often this case is tackled in the literature and it is not easy to find a suitable reference. This is the main reason why we included this extension. Despite the "common knowledge" that for weak solutions or weak uniqueness everything which may be desired only depends on the matrix σσ * , in fact, conditions in the McKean-Vlasov case usually do require certain properties of σ, not σσ * (cf., for example, [7] ). Hence, results for d 1 ≥ d may not necessarily follow automatically from those for d 1 = d. Unlike in the paper [4] , we allow non-homogeneous coefficients that may depend on time; a formal reduction to a homogeneous case by considering a couple (t, X t ) would require unnecessary additional conditions due to the degeneracy. Our method of proof is also different from that used in [4] : we use explicitly Skorokhod's single probability space approach as well as Krylov's integral estimates for Itô's processes.
Strong existence in our paper is derived from strong existence for "ordinary" Itô's equations. The famous Yamada-Watanabe principle (see [10] , [18] , [32] , [33] ) concerning weak existence and pathwise uniqueness here has a remote analogue in terms of the equivalence of weak and strong uniqueness, yet, under additional assumptions.
In all results of the paper it is assumed that the drift -and in the Theorem 1 diffusion as well -satisfies a linear growth bound condition. The linear growth is useful because of numerous applications where, at least, the drift is often unbounded; further extensions on a faster non-linear growth usually require Lyapunov type conditions, which are not considered in this paper. We thank the anonymous referee who drew our attention to the paper [21] which is one of the first works on McKean-Vlasov equations with irregular coefficients; this paper considers another class of equations, namely, with divergent operators, and so does not relate directly to the present paper.
The structure of the paper
The structure of the paper is as follows. In the Section 2 weak existence is established. The Theorem 1 there mimics Krylov's weak existence result for Itô's SDEs from [14] for a homogeneous case, and from [16] and [30] for a non-homogeneous case. No regularity of the coefficients is assumed. The Section 3 is devoted to strong solutions and to weak and strong uniqueness. Weak uniqueness and strong uniqueness are established simultaneously under identical (for weak and for strong uniqueness) sets of conditions. The latter do involve some restriction on the diffusion coefficient which should not depend on the measure in the Theorem 2. For a completeness of the paper, a classical Skorokhod's lemma on convergence of stochastic integrals, as well as two other indispensable auxiliary lemmata also by Skorokhod are provided in the Appendix (the Section 4). 
The proof easily follows from continuity of the underlying process X t for which µ t is a marginal distribution, and from the classical theorem about functions which are Borel measurable in one variable and continuous in the other. Due to this Corollary and a priori bounds (7) below, the equation (1) is well-posed, at least, for coefficients under a linear growth condition in x uniformly with respect to (t, y). In fact, any polynomial growth in x suffices but we will not use it here.
Theorem 1 Let the initial value x 0 have a finite fourth moment, and suppose that the following two conditions are both satisfied.
1. The functions b and σ admit linear growth condition in (x), i.e., there exists C > 0 such that for any s, x, y,
where |·| stands for the Euclidean norm in R d for b and · for the σ = i,j σ 2 ij . 2. Diffusion matrix σ is uniformly nondegenerate in the following sense:
Then the equation (1) has a weak solution, that is, a solution on some probability space with a standard d 1 -dimensional Wiener process with respect to some filtration (F t , t ≥ 0).
Proposition 2 Let the following two conditions be satisfied together. 2. Both coefficients b and σ are continuous in (x, y) for any t. Then for any x 0 with a finite fourth moment the equation (1) has a weak solution.
Under slightly different assumptions of continuity weak existence and ulniqueness was estabished in [7] . Also, note that continuity of σ is, of course, stronger than continuity of σσ * . Formally, the proof of Proposition 2 follows from the calculus similar to that in the proof of the Theorem 1 using only continuity, i.e., in the style of Skorokhod's weak solution theorem (see [24, Ch.3, sec.3] where a more general case with jumps has been considered) which does not require nondegeneracy. It is plausible that any moment 2 + ǫ for x 0 suffices as well in all statements (except the Theorem 2 under the linear growth condition on the drift where an exponential moment is required), but we do not pursue this goal here.
2.2 Proof of Theorem 1.
1. Firstly we establish the Theorem under a more restrictive assumption that d 1 = d, and that the matrix σ is symmetric and satisfies a stronger condition,
Exactly this assumption was assumed in [16] where, in addition, the coefficients of Itô's equation were bounded. None of these two restrictions are actually necessary, which was, of course, very well-known to the author; yet, some efforts are required to relax them. In the end of the present proof, this additional restriction (5) will be dropped. To explain the motivation of this approach note that under the relaxed assumption (4) of the Theorem, there is may be no guaranteed smoothing which would keep the non-degeneracy of the diffusion coefficient.
The proof is based on Krylov's integral estimate for any non-degenerate Itô process -i.e. possessing a stochastic differential but not necessarily a solution of an SDE -with bounded coefficients,
see [16, Chapter 2] . Here the constant N may depend on d, T and the bounds for sup-norm of coefficients and of the inverse σσ * . This estimate will be applied to a couple (X t , ξ t ),
where ξ t is an independent copy of X t and, hence, has exactly the same distribution; the constant N in the latter inequality depends on the same norms as earlier but now the dimension is 2d.
Similarly to the Itô case the standard hint is to smooth the coefficients so as to use existence theorems which are known in the literature (in particular, for continuous coefficients, see [7] ), and then to pass to the limit by using Skorokhod's convergence on a single probability space method. So, let us smooth both coefficients with respect to all variables, i.e., let b n (t, x, y) = b(t, x, y) * ψ n (t) * φ n (x) * φ n (y), and
where ψ n (t), φ n (x), φ n (y) are defined in a standard way, i.e., as non-negative C ∞ functions with a compact support, integrated to one, and so that this compact support squeezes to the origin of the corresponding variable as n → ∞; or, in other words, that they are delta-sequences in the corresponding variables. While smoothing, assume for definiteness that the coefficients b and σ are defined for any t < 0, e.g., as zero vector function and the constant unity matrix I d×d , respectively. Note that, of course, we may assume that for every n the smoothed coefficients remain to be under the linear growth condition (3) with the same constant for each n (in reality this constant may increase a little bit in comparison with C from (3), but still remain uniformly bounded); also, under the assumption (5) the smoothed diffusion remains uniformly nondegenerate with ellipticity constants independent of n.
2.
In a standard way (see, e.g., [16] , [24] ) we get the estimates,
and also sup 0≤s≤t≤T ; t−s≤h
with constants C t , C T that do not depend on n. Recall that x 0 ∈ R d is the initial value of the process X and that it may be random with a certain moment. Bounds similar to (7) and (8) hold true also for the component ξ n and naturally for W n . These bounds suffice for the applicability of Skorokhod's single probability space theorem (see the Appendix 1, Lemma 2).
Note that by Doob's inequality for stochastic integrals the bound (7) immediately extends to the further bound useful in the sequel,
where C does not depend on n. Further, similarly, the following higher moment bounds can be established,
and sup 0≤s≤t≤T ; t−s≤h
also with a (new) constant C T that do not depend on n. In fact, similar a priori bounds hold true for any power function, although, this will not be used in this paper. The proof can be done following the lines in [8, Theorem 1.6.4].
3. Let us introduce new processes ξ n equivalent to X n on some other -independent -probability space (i.e., we will consider both on the direct product of the two probability spaces). Moreover, in the sequel by
we denote expectation with respect to the third variable ξ n s , or ξ s i.e., expectation conditional on the second variable X n s or X s ; in other words,
, where µ ξ s is the marginal distribution of ξ s , and, finally, , without loss of generality we may and will assume that not only µ n =⇒ µ, but also on some probability space for any t,
for some equivalent random processes (X n ,ξ n ,W n ), generally speaking, over a subsequence. Slightly abusing notations, we will denote initial values still by x 0 without tilde. Also, without loss of generality we may and will assume that each process (ξ n t , t ≥ 0) for any n ≥ 1 is independent from (X n ,W n ), as well as their limitξ t may be chosen independent of the limits (X,W ) (this follows from the fact that on the original probability space ξ n is independent of (X n , W n ) and on the new probability space their joint districution remains the same; hence, independence ofξ n is also valid and in the limit this is still true). See the details in the proof of the Theorem 2.6.1 in [16] . We could have also introduced Wiener processes for ξ Due to the inequality (11), the same inequality holds forX n ,W n , sup 0≤s≤t≤T ; t−s≤h
Due to Kolmogorov's continuity theorem this means that all processesX n may be regarded as continuous, andW n can be assumed also continuous by the same reason. Further, due to the independence of the increments of W n after time t of the sigmaalgebra σ(X t . Also, the processesX n are adapted to the filtration (F (n) t ). So, all stochastic integrals which involveX n andW n are well defined. The same relates to the processesξ n . Hence, again by using Skorokhod's lemma on convergence on a unique probability space -see the Lemma 1 in the Appendix -we may choose a subsequence n ′ → ∞ so as to pass to the limit in the equatioñ
in order to getX
This requires some additional explanation because we want to use Krylov's bounds stated for uniformly bounded coefficients while in our setting they may grow infinitely. However, in fact, we can use these bounds because the processes we deal with are uniformly bounded in probability with suitable a priori bounded moments. The details are provided below.
First of all, recall that a priori bounds T (7) - (12) hold true with constants not depending on n. Now, by Skorokhod's theorem on some probability space we have some equivalent processes (X
By virtue of the a priori bounds forW n , the processW t is continuous and it is a Wiener process. Also, the limits are adapted to the corresponding filtratioñ
andW t is continuous and it is a Wiener process with respect to this filtration. In particular, related Lebesgue and stochastic integrals are all well defined. Moreover, by virtue of the uniform estimates (11), the limit (X t ,ξ t ) may be also regarded as continuous due to Kolmogorov's continuity theorem because the a priori bounds (8)- (12) remain valid for the limiting processesX,ξ. In particular, it is useful to note for the sequel that
4. Let us now show that
and
We are to explain how to use Krylov's estimate for Itô processes with bounded coefficients while in our case they may be unbounded.
Due to the inequality (9), for any ǫ > 0 there exists R such that for any n,
The same holds true forξ n (since they are equivalent). Hence, for any ǫ > 0 there exists R > 0 such that for any n,
(the reason for using R − 1 instead of R will be clear in the proof), or, equivalently,
where
The same holds true for the limiting process (X t ,ξ t ) by virtue of its continuity due to Kolmogorov's continuity theorem, that is, for any ǫ > 0 there exists R > 0 such that (to have R − 1 instead of R will be convenient shortly)
DenoteR := R − 1. Then, given any ǫ > 0, and slightly abusing notations by replacing n ′ by n, for any t ≤ T by virtue of Chebyshev-Markov's inequality we conclude that for any c > 0 there existsR such that
Further at one place we will need more precise estimates (see (7)):
by virtue of the Chebyshev-Markov inequality. Now, we estimate,
Let us fix some n 0 and let n > n 0 . We have for any t ≤ T ,
Denote
Then the first summand I 1 may be estimated by Chebyshev-Markov's inequality as
Here the couple (X n s∧γ n,R ,ξ
) is a stopped diffusion with coefficients bounded by norm in state variables (x, ξ) by the value CR uniformly with respect to n, and with the diffusion coefficient uniformly non-degenerate.
smooth (e.g., C 1 ) bounded vector and matrix functions in x respectively, withσ
Clearly, such vector and matrix functions exist. Let (X where µ n t is still the marginal distribution of X n t andX n t . Let alsoξ n be an equivalent independent copy of the processX n t . Note that on [0, t ∧ γ n,R ] the processesX n and X n coincide (see [17, Theorem 6.2.1(v)]). Then the bound for I 1 in the second line of (20) may be rewritten as
The values of the function g n,n 0 (s, x, ξ) outside the set {(x, ξ) : (|x| ∨ |ξ|) ≤R} are not relevant to the evaluation of the expression in the second line of (22) . So, without losing a generality we may assume for our goal that g n,n 0 (s, x, ξ) vanishes outside this ball. Then, by Krylov's estimate (see the Theorem 2.4.1 or the Theorem 2.3.4 in [16] ) we obtain,
by virtue of the well-known property of mollified functions. Hence, the term I 1 goes to zero as n → ∞ since this term does not depend on n 0 .
Further, the term admits the estimate (for any 0 ≤ t ≤ T ),
which tends to zero as n → ∞ due to the Lebesgue bounded convergence theorem.
Indeed, on the set (γ n,R > T, γR > T ), the random variable
in probability.
To tackle the third term I 3 , the indicators 1(γR ≥ T ) are not enough and we need some new auxiliary function. Let R > 1 and let 0 ≤ w(x, ξ) ≤ 1 be any continuous function which equals 1 for every |x| ∨ |ξ| ≤ R − 1 (=R) and zero for every |x| ∨ |ξ| > R. Then we have,
We want to show that the right hand side (the last term) in (23) goes to zero, firstly, as n 0 → ∞, and secondly, as R → ∞. (Strangely, the indicators 1 γ n,R ∧ γR > T are not of a real help here, although, new similar ones will appear shortly, see below.) The values of the function g n 0 (s, x, ξ) outside the set {(x, ξ) : (|x| ∨ |ξ|) ≤R} are not relevant for the evaluation of the expression in the right hand side of (23) . So, without losing a generality we may assume that g n 0 (s, x, ξ) vanishes outside this ball. Thus, in particular, we can also accept that g n 0 (s, x, ξ) is uniformly bounded. Take any ǫ > 0 and choose and fix for a while R so large that
The reason for this choice will be clarified shortly. For any function
with some C > 1. First of all note that it suffices to establish this inequality with (C − 1) √ ǫ instead of C √ ǫ only for continuous functions g vanishing outside the set [0, T ] × B R × B R ), of course, assuming that the constant N does not depend on the regularity of g. Indeed, such (continuous) functions are, clearly, dense in the class L R .
So, choosingg ∈ C and sup
and provided that the desired estimate with C √ ǫ replaced by (C − 1) √ ǫ is valid for g, we immediately get (25) for g with C √ ǫ.
In order to establish the bound with some C and N
to the pre-limiting "smoothed" diffusions (X k ,ξ k ). We estimate, using for one of the terms the replacementX andξ (see (21) ),
where the first integral with 1(γ k,R > T ) andX,ξ was estimated by Krylov's bound while to the second one with 1(γ k,R ≤ T ) andX,ξ we applied the CauchyBouniakovsky-Schwarz inequality. Finally, for R large enough (16) ), while by Jensen's inequality,
with someC due to (13) and (24) . The bound (26) for g ∈ LC follows now by virtue of the Fatou Lemma as k → ∞. Hence, (25) for any g ∈ L holds true. This implies that lim
The convergence (14) is, thus, proved.
5. Now let us consider convergence of stochastic integrals in (15) . Our goal is an estimate similar to that for the drift and Lebesgue integrals above:
for any c, ǫ > 0 and n large enough. In principle, the task is similar to the convergence of Lebesgue integrals tackled in the previous steps. Hence, we mainly show how to tackle the additional obstacle due to different Wiener processes dW s and dW n s in the stochastic integrals. Fortunately, we have a tool for this which is Skorokhod's Lemma 2 from the Appendix below. However, it is not applicable directly because our processes may be unbounded, so we should overcome this with the help of the estimate (16) which reduces the problem to bounded processes.
By virtue of [17, Theorem 6.2.1(v)] and similarly to the calculus for Lebesgue integrals in the previous steps, yet using second moments instead of the first ones by the evident reason we estimate,
as in the previous step for the drift. Quite similarly, for S 2 we have,
For the term S 1 which only contains diffusionsX andξ with bounded coefficients, we finally estimate,
Here S 11 and S 13 are small asR → ∞ by virtue of Krylov's bound for diffusions with bounded coefficients like for the drift in the previous step, due to the second moment estimates above and because γ n,R → ∞ uniformly in probability asR → ∞. We have skipped the functions similar to g n,n 0 from the previous step which work here in a totally similar way. Finally, the term S 12 goes to zero as n → ∞ by the Skorokhod Lemma 2 (see the Appendix). This proves the desired bound (27) . So, we have established both (14) and (15), and thus, weak solution of the equation (1) exists in the case of d 1 = d and under the assumption (5) instead of (4). Recall that once µ t is the distribution of ξ t , and distributions of ξ t and X t coincide, then µ t is also the distribution of X t .
6. Now we will show how to drop the assumption (5) and, in particular, the condition d 1 = d. We will use a hint from [30, section 4]; however, due to a more involved structure of the equation and its coefficients in this paper, it is desirable to repeat the details here.
There is a "common knowledge" (generally speaking, a wrong one) that for SDE solutions "everything" depends only on the matrix σ * σ, at least, where it concerns weak solutions or weak uniqueness. Firstly, for strong solutions this is certainly not true because regularity such as Lipschitz condition or even a simple continuity may fail for badly chosen square root, let us forget about non-Borel square roots. Secondly, even for weak solutions in the absence of non-degeneracy and if the square root is not continuous, there is no guarantee that weak solution exists for any square root. Recall that existing results about weak solutions and weak uniqueness -see, e.g., [4, 7] -impose conditions on σ and not on σσ * . Hence, we find it not sufficient to refer to the "common knowledge" and have to show the calculus. Denoteσ(t, x, y) := a(t, x, y), where a(t, x, y) := σ(t, x, y)σ
, and letX t be a solution of the equation,
with some d-dimensional Wiener process (W t , t ≥ 0) on some probability space and where µ s stands for the distribution ofX s . Without losing a generality we may and will assume that on the same probability space there exists another independent
Note that (dropping the arguments -all in square brackets -for the brevity of presentation in most of cases)
and let
Notice that
Due to the multivariate Lévy characterization theorem this implies that W 0 is a d 1 -dimensional Wiener process, since its matrix angle characteristic (also known as a matrix angle bracket) equals
Next, due to the stochastic integration rules (see [10] ),
In other words, (X, W 0 ) is a (weak) solution of the equation (1) . It remains to notice that since we did not change measures, µ s is still the distribution ofX s by the assumption. So, the proof of the Theorem 1 is completed.
3 Strong solutions; strong and weak uniqueness
On strong existence
In this section it is shown that strong solution exists under appropriate conditions. The first version mimics strong existence for Itô's equations by Itô himself (see, e.g., [10] ); notice that it requires Lipschitz condition in x, but not in y; on the other hand, we do not claim strong uniqueness here, unlike in the classical Itô result. The second version mimics strong existence for Itô's equations from [27] and [28] , but not in y; on the other hand, emphasize that we do not claim strong uniqueness in this theorem, but only strong existence. We also notice for interested readers that in [28] the assumption of continuity in time was dropped in comparison to [27] .
Proposition 3 Let E|x 0 | 4 < ∞, and either of the following two conditions hold true.
1. Let the coefficients b and σ satisfy all conditions of the Theorem 1 and the nondegeneracy assumption (5), and let just σ be Lipschitz in x uniformly with respect to s and locally with respect to y,
2. Let the coefficients b and σ satisfy the assumptions of the Remark 2 and let them also satisfy the following Lipschitz condition in x uniformly with respect to s and locally with respect to y,
Then, in both cases the equation (1) has a strong solution and, moreover, every solution is strong and, in particular, solution may be constructed on any probability space equipped with a d 1 -dimensional Wiener process.
This result is likely to be a common knowledge. However, the authors were unable to find an exact reference which is desirable. So, for completeness as well as for the convenience of the reader a brief sketch of the proof is presented below.
1.
First of all, note that that weak solutions exist in either case and that the a priori bounds (7)- (11) are valid.
Considerations are based on the results from [27] and [28] about strong solutions for SDEs for a Borel measurable drift which is assumed bounded or with a linear growth in both papers. Since weak solution does exist, whatever is its distribution µ, the process X may be considered as an ordinary SDE with coefficients depending on time,
and, hence,
Recall that according to the Corollary 1, the new coefficientsb(t, x) andσ(t, x) are Borel measurable.
2. Now in order to establish strong existence it suffices to verify that the new coefficient andσ satisfies linear growth in x condition uniform in time, and Lipschitz condition in x, and is uniformly nondegenerate in the first case, or that bothb and σ are Lipschitz in x in the second case.
(1) In the case 1 we have, for any T > 0 and 0 ≤ t ≤ T ,
due to the moment estimate (7) above. Similarly, it also follows that
Further, we estimate, by virtue of the same moment estimate (7),
The uniform nondegeneracy of σ -and, hence, also of σσ * -follows from the inequality (5) by integration with respect to µ t .
These properties suffice for the local strong uniqueness of solution of the equation (30) by virtue of the results from [27] . However, because weak solution is well-defined for all values of time, strong uniqueness is global. According to the Yamada-Watanabe principle ( [32] ), any solution of the equation (30) is strong. So, any solution of the original equation (1) is also strong.
(2) In the case (2), Lipschitz conditions on both diffusion and drift are checked similarly. Now, under the set of conditions 2 of the Proposition, the equation (30) has a strong solution X t due to Itô's Theorem. Hence, X t is also a strong solution of the equation (1). This completes the proof of the Proposition 3.
Remark 2 Notice that as a solution of the equation (30), X is pathwise unique, but so far it is not known if this implies the same property for X as a solution of (1), unless weak uniqueness for the equation (1) has been established. In a restricted framework this will be done in the Theorem 2 below.
Remark 3 In the case of dimension one, Lipschitz condition may be relaxed to Hölder of order 1/2 and, actually, a little bit further by using techniques from [32] and [26] .
Main result
In this section it will be shown that in certain cases weak uniqueness implies strong uniqueness for the equation (1) and also both properties will be established under appropriate conditions. This result -the Theorem 2 below -requires only a measurability of the drift with respect to the state variable x, but assumes that diffusion σ does not depend on y along with Lipschitz in x and nondegeneracy. The drift may be unbounded in the state variable x.
Theorem 2 Let E exp(r|x 0 | 2 ) < ∞ for some r > 0, and let the functions b and σ be Borel measurable, and σ(s, x, y) ≡ σ(s, x), that is, σ does not depend on the variable y; let σ satisfy the non-degeneracy assumption (4); let d 1 = d, the matrix σ be quadratic, symmetric and invertible, and let there exist C > 0 such that the functioñ
satisfies the linear growth condition: for all
Also assume that the matrix-function σ(t, x) satisfies the following Lipschitz condition (for simplicity) which guarantees that the equation
has a unique strong solution for any x (see [27, 28] ):
Then solution of the equation (1) is weakly and strongly unique.
Emphasize that no regularity on b is required here with respect to either variable. Also, a linear growth condition on the drift in x is equivalent to the condition (31); the latter was assumed in order to make the presentation more explicit. The price for the no regularity and linear growth is a special form of σ which may not depend on the "measure variable" y. Denote by X Remark 4 Under the additional assumption of boundedness ofb exponential moment of the initial value x 0 is not necessary and can be replaced by the fourth moment as in the Theorem 1.
Remark 5 Instead of Lipschitz condition (33) , it suffices if diffusion coefficient σ belongs to the Sobolev class σ(t, x) ∈ W 0,1 2d+2,loc . More general conditions on Sobolev derivatives for σ can be found in [27, Theorem 1] and [28] , and any of them can be used in our Theorem 2 above. Note that in the latter reference σ is assumed Lipschitz but it is shown that continuity is necessary only with respect to the state variable x, which is also applied to the conditions from [27] . Also, as usual, even more relaxed conditions on sigma can be stated in the case of dimension one as in [27, Theorem 2].
Proof of Theorem 2
Note that
Recall that under the assumptions of the theorem, any solution is strong by virtue of the Proposition 3. Hence, it suffices to show weak uniqueness, after which strong uniqueness will follow from strong uniqueness for the equation (30) . We will do it by contradiction. Suppose there are two solutions X 1 and X 2 of the equation (1) with distributions µ 1 and µ 2 respectively in the space of trajectories C[0, ∞; R d ]. Without a loss of generality, we may and will assume that both processes X 1 and X 2 are realized on the same probability space and with the same Wiener process:
and dX
respectively. This is possible because any solution of this equation is strong and, hence, exists on any probability space with a Wiener process of the required dimension. It will be shown that µ 1 = µ 2 and X 1 = X 2 a.s. Note that both X 1 and X 2 are Markov processes (see, e.g., [15] ).
Both solutions (X i , µ i ) in the weak sense may be obtained from the same Wiener process W via Girsanov's transformations using the following stochastic exponents:
whereb(t, x, y) := σ −1 (t, x) b(t, x, y), |b| stands for the modulus of the vectorb, and
It is well-known that in the case of boundedb the random variables γ i T , i = 1, 2, are probability densities due to Girsanov's theorem (see, e.g., [17, Theorem 6.8.8] ). So, till the step 4 we assumeb bounded. This is needed so as to explain the idea which will be further expanded to the case without this restriction. Also this will justify the statement in the Remark 4.
This is a new Wiener process on [0, T ] under the probability measure P γ 1 defined by its density as (dP
T . Then, on the same interval [0, T ], on the probability space with a Wiener process (Ω, (1), that is, it is equivalent to the pair (X 1 t , µ 1 t , 0 ≤ t ≤ T ) under the meaure P. Note for the sequel that dW 1 t admits a representation dW
Similarly, letW
This is a new Wiener process on [0, T ] under the probability measure P γ 2 defined by its density as (dP γ 2 /dP )(ω) = γ 2 . Then, on the interval [0, T ], on the probability space with a Wiener process (Ω, (1), that is, it is equivalent to the pair (X 2. This provides us a way to write down the density of the distribution of X 1 on (Ω, F , P) with respect to the distribution of X 2 on (Ω, F , P) on the interval of time [0, T ]. We have, for any measurable
So, on the sigma-algera F W T we obtain,
Further, due to (37) and (38) the measure µ i is an image of P γ i under the mapping X 0 for i = 1, 2. So,
Since the two measures P γ 1 and P γ 1 on F W t are equivalent with the density
the total variation distance between them equals (denoting
Let us justify the last inequality for completeness, dropping the sub-index t:
as required. We used the Cauchy-Bouniakovsky-Schwarz inequality. So, due to (39),
Now, again by virtue of the Cauchy-Bouniakovsky-Schwarz inequality,
3. We estimate,b being bounded,
Here the value under the expectation is non-random; hence, the symbol of this ex-pectation may be dropped. Therefore, we have with
Recall that v(t) ≤ 2, and the function v increases in t. Let us choose α > 0 small so that
and take T ≤ α/C. Then, the inequality
If we choose T so small that √ 2CT < 1, that is, T < 1/(2C), then it follows that v(T ) = 0. Hence, v(T ) = 0 for any T < min(1/(2C), 1/(αC)). Let us fix some T > 0 satisfying this inequality.
Further, we conclude by induction that
Indeed, assume that v(kT ) = 0 is already established for some integer k > 0. Redefine the stochastic exponents:
and re-denoteW
t is a new Wiener process on [kT, (k + 1)T ] starting at W kT under the probability measure P γ 1 defined by its density as (dP
kT,(k+1)T . Repeating the calculus leading to (41), (42), and (43), and having in mind the induction assumption v(kT ) = 0, we obtain with the same constant C,
which straightforward implies
As earlier, the condition T < min(1/(2C), 1/(αC)) (see (44) Hence, solution is weakly unique on the whole R + . As noticed above, strong uniqueness also follows. For boundedb the statements of the Theorem 2 as well as of the Remark 4 are justified.
4. Now let us return to the inequality (41) and explain how to drop the additional assumption of boundedness ofb. First of all, prior to (41) we have to show that γ i , i = 1, 2, are, indeed, probability densities for which it suffices to show uniform integrability for T > 0 small enough: for example, it suffices to check that
Via the estimates similar to (41) by virtue of Cauchy-Bouniakovsky-Schwarz, this problem is reduced to the question whether or not the following expression is finite:
In the last inequality the assumption on the linear growth ofb was used.
Suppose for instant that the finiteness of the last expectation in the last line of (49) has been shown; then, by standard induction arguments with conditional expectations it follows that both γ i T are, indeed, probability densities for any T > 0. Hence, the calculus leading to (40) and (41) is valid and we have,
A general fact which does not use any boundedness of b in all variables but only in the last variable reads,
Due to the linear growth assumption (31), the inequality (50) implies
Hence, by virtue of (50) we obtain
Recall that the process X 0 satisfies the equation (36) on [0, T ] with respect to the measure P γ 1 . We want to show that given C, the right hand side in (52) is finite for any T small enough. For this end, denote 6C 2 v(T ) 2 := r ≥ 0. We would like to show that for any fixed constant K > 0 (K = 24C 2 suffices), the value
is finite for 0 ≤ r < K, and differentiable with respect to r, and that this derivative is non-negative and small uniformly in r ∈ [0, K) if T > 0 is small enough.
It suffices to show the same properties -still for small enough T -for the function
where X 1 solves the equation (36) on [0, T ] with respect to the original measure P, because X 1 solves the same equation with respect to the measure P as the process X 0 with respect to the measure P γ 1 on [0, T ]. First of all, note that this claim is true for the functioñ
(see, for example, [1] ). Further, denote
This λ t is a probability density for t ≤ T with any T > 0 which is, at least, small enough, since this random variable has the same distribution with respect to P as γ is a probability density of the measure P with respect to P γ 1 . Note that with respect to the measure P λ T the process X 1 solves the equation without drift (32) with a corresponding Wiener process
due to Girsanov's theorem. Naturally, we have also
Now let us estimate the function ψ from (53),
Our local goal is to show that both multipliers in the last line of the last formula are finite. We have for the first multiplier (dropping the square root),
due to the well-known fact that for any adapted integrand β the process
may not exceed one (see, e.g., [17] ).
Note that the task to show that the right hand side in (56) is finite is similar to the problem about finiteness of the last expectation in (49) for T > 0 small enough. So, we show both simultaneously. The idea is that after some random time change and by using comparison theorems, this task can be reduced to the problem of evaluating the expression
for a standard Wiener process, which expression can be precisely computed. is a one-dimensional Wiener process (see [20] ). Denotê
Both processesX t andB t are adapted with respect to the filtration F χ(t) , which sigma-algebra is also well-defined because each χ(t) is a stopping time. Then the processX t has a stochastic differential (see [20] )
Note that there is no local time at zero here: this is because the process which starts outside the origin in dimension d ≥ 2 does not touch the origin on any finite interval of time.
Now, simultaneously with the process (|X t |, t ≥ 0) consider a (unique) solution of the non-sticky reflecting SDE on the half-line [1, +∞),
where φ t is a local time at one, see [20] , and C 1 ≥ KC 0 , with C 0 from (57).
The processes (X 0 t ), (|X 0 t |), (W t ), (Ŵ 0 t ), (Z t ) are all defined on the same probability space (recall that solution of the equation (60) is, of course, strong, and, hence, exists on any probability space with a Wiener process). An easy comparison then shows P(Z t ≥X t , t ≥ 0) = 1.
Indeed, Z 0 ≥X 0 , and Itô's formula applied to (X t − Z t ) 2 1(X t − Z t ≥ 0) shows that d(X t − Z t ) 2 1(X t − Z t ≥ 0) = 2(X t − Z t )1(X t − Z t ≥ 0)(dŴ t +B t χ ′ (t) dt − dŴ t − C 0 dt − dφ t ) ≤ 0, which confirms (61).
Also note that due to (57) and (58) Now the evaluation of (63) can be completed, for example, as follows. Consider an SDE on R 1 ,
Here sign(a) = 1(a > 0) − 1(a < 0). By Ito's formula for the modulus [20] , the process |V t | satisfies an SDE Let us now complete this analysis by considering the case d = 1 which is a bit easier, although, it involves local time from the very beginning. Let C 0 be a constant such that C is a one-dimensional Wiener process (see [20] ). The process X 0 χ(t) has a stochastic differential, dX 0 χ(t) = dŴ t , i.e.,Ŵ t − x 0 is a new Wiener process [20] . Denotê
The processX t is adapted to the filtration F χ(t) and it has a stochastic differential (see [20] )
with a local time φ t at zero. Moreover, its distribution in the space of trajectories coincides with that of |Ŵ t |. The inequality (62) Thus, we obtain a bound similar to that in the case d > 1:
